Abstract. We define certain spaces of Banach-valued measures called Lipschitz measures. When the Banach space is a dual space X * , these spaces can be identified with the duals of the atomic vector-valued Hardy spaces H p X (R n ), 0 < p < 1. We also prove that all these measures have Lipschitz densities. This implies that for every real Banach space X and 0 < p < 1, the dual H p X (R n ) * can be identified with a space of Lipschitz functions with values in X * .
Introduction and notation. An interesting question in the theory of vectorvalued
Hardy spaces is the representation of their dual spaces. This matter has been considered by several authors in the different versions (not necessarily equivalent) of these spaces, namely the H p -spaces of holomorphic functions in the disk with values in a Banach space X as well as the "maximal" and the atomic Hardy spaces of Banachvalued distributions in the unit circle (cf. [1, 2, 3, 4, 5] ). In particular, in [1] , it is proved that for every Banach space X, the dual of the atomic space H 1 at (X) in the unit circle is the space Ꮾᏹᏻ(X * ) of measures in the circle and values in X * of bounded mean oscillation. In that paper, it is proved that this space of measures is in fact the space of functions of bounded mean oscillation if and only if X * has the Radon-Nikodym property and in this case H 1 at (X) * = Ꮾᏹᏻ(X * ).
In this paper, we consider the atomic Hardy spaces H 
for every cube Q, where P [α] Q (f ) is the unique polynomial of degree less than or equal to [α] having the same moments of order less than or equal to [α] as f .
The exponent p ∈ (0, 1) makes possible to adapt the arguments of the scalar theory to approximate these measures by measures with smooth density. The final result is that every measure belonging to our space of measures denoted by ᏹ α X has a RadonNikodým derivative that is a Lipschitz function with exponent α = n(1/p − 1 and b (R n ,X) will denote, respectively, (R n ,X) with the topologies of pointwise convergence and uniform convergence in bounded subsets of (R n ).
will denote the space of all the X-valued Bochner measurable functions on Q such that f belongs to L p (Q).
will be the space of all countably additive measures µ on the Borel sets on the cube Q with values in X and with finite q-variation
where the supremum is taken over all finite partitions (measurable) π of Q and m is the Lebesgue measure. For p > 1, the dual space of L p X (Q) can be identified with V q X * (Q), where 1/p +1/q = 1. For complete expositions of vector measures and vector integration see [6, 7] .
All the cubes considered here will be compact and will have sides parallel to the axes. 0 will be the ring of bounded Borel sets in R n .
For f ∈ (R n ,X) and ϕ ∈ (R n ), we define
, where g is an X-valued function and ∆ 
Notice that, as in the case of scalar functions, g Λ We define Λ α X to be the normed quotient space of Λ α X modulo polynomials of degree less than or equal to [α] .
As usual, the letter C denote a constant that could be different at each occurrence.
Interpolation polynomials and Lipschitz measures.
The aim of this section is to define an appropriate space of vector-valued measures, which turn out to be the dual of a vector-valued Hardy space.
Let Q be a cube on R n with center x 0 and let f ∈ L 1 (Q). The linear independence of the family of functions {x α } |α|≤N implies the existence of a unique polynomial P N Q of degree less than or equal to N such that, for every multi-index α with |α| ≤ N,
This polynomial P N Q can be constructed in the standard way using the dual basis of the set
, that is, the set of polynomials {ψ Q α } |α|≤N of degree less than or equal to N, such that
where δ αβ is the Kronecker delta. Then the interpolating polynomial is given by
where
Let Q 1 be the cube centered at zero and side length 1 and take any cube Q with center x 0 and side length δ. If we let ψ α = ψ
Then we conclude that there exists a constant C > 0 independent of Q and α, such that ψ
for every multi-index α with |α| ≤ N. This polynomial P N Q f satisfies
(2.8)
To prove the uniqueness, suppose that Q P (x)(x − x 0 ) α dx/|Q| = 0 for every α with |α| ≤ N, where P is a polynomial of degree less than or equal to N. Then, for every
and since ξ * • P is a polynomial with scalar coefficients whose degree is less than or equal to N, it follows that ξ * • P = 0 for every ξ * ∈ X, therefore P = 0. Finally, given
From Hölder's inequality, we have
and this implies the desired estimates.
Let Q be any cube centered at x 0 and µ ∈ V q X (Q). As in Theorem 2.1, we can construct
14)
As in Theorem 2.1 we can prove the following corollary.
To abbreviate notation, we often write P Q f or P Q µ if the context does not cause confusion. We introduce the following space of vector-valued measures. (ii) There exists a constant C such that, for every cube Q,
is a seminorm on ᏹ 
From now on, we refer to this space as the space of Lipschitz measures ᏹ such that
for every x in the cube centered in x 0 and side length r , where C only depends on α and n. This implies that
denotes the norm of the measure with density g. In Section 3, we prove that every µ ∈ ᏹ α X has a density g ∈ Λ α X . Now, we can prove a weak version of this fact. . Proof. For every ξ * ∈ X * and every cube Q, we have that P
[α]
Q (g). Then it is easy to see that ξ
. By the scalar theory we have that ξ * • g ∈ Λ α and
The lemma follows from this inequality.
Vector-valued Hardy spaces.
We start with the classical definition of a vectorvalued atom.
simply an atom in X, if the following conditions hold:
(1) supp a ⊂ Q, where Q is a cube on R n . 
We define
where C does not depend on a.
(2) There exists a continuous seminorm ρ in (R n ) such that
for every atom a in X and ϕ ∈ (R n ).
(3) If a i is an (X, p)-atom and
hence, the series always defines an element of H p X and the convergence is in this space. (4) H p X is a complete metric space.
The proof of (1) for ϕ ≥ 0 radial and decreasing is the same as in [9, Theorem 4.3, page 275]. The general case follows from the fact that all the gauges M * ϕ (f ) p are equivalent for ϕ ∈ (R n ), with R n ϕ(x) dx = 0. This fact is proved as in the scalar case (cf. [8] ). To prove (2), let ϕ ∈ (R n ) and an atom a in X. Then
for every |y| ≤ 1, whereφ(x) = ϕ(−x). Raising the inequality above to the pth power and integrating over the unit ball, we obtain
The Banach-Steinhaus theorem implies that the set of atoms defines an equicontinuous family in (R n ,X), which implies (2).
Statement (3) follows directly from (2).
That H p X is complete follows from (3) taking a subsequence of a Cauchy sequence 
implies that we have a continuous inclusion
where C is independent of a. 
The first step is to prove that the elements of the dual (H 
Proof. Denote by L
and with vanishing moments up to order N, and let
We can extend this functional to the whole space L 2 X (Q) without increasing the norm, and obtain a measure
N (Q, X).
We show that µ Q is uniquely determined up to addition of a measure with polynomial density with values in X * .
Indeed, since f ∈ L 2 N (Q, X) has vanishing moments up to order N, then for every polynomial P of degree less than or equal to N, µ Q + P · m also satisfies (4.5). Conversely, suppose that µ 1 and µ 2 belong to V 2 X * (Q) and satisfy (4.5). Let f ∈ L 2 X (Q), ν = µ 1 − µ 2 and consider the interpolation polynomials P Q f and P Q ν of degree N.
We conclude in particular that there exists a unique measure ν Q ∈ V 2 X * (Q) satisfying (4.5) with vanishing moments of order less than or equal to N. This measure is
By Corollary 2.2, we have the estimate
is an increasing sequence of cubes. We can adjust the measures µ Q j adding measures with polynomial density of degree less than or equal to N to obtain a single measure µ with values on X * and defined on 0 , such that
for every f ∈ Θ N (X). Since the restriction to every cube Q of µ − (P Q µ)m is ν Q , then by (4.8) we conclude that µ ∈ ᏹ α X * and
Now, let 0 < p < 1 and µ ∈ ᏹ α X * . We prove that the natural action of µ in Θ N (X) given by (4.12) can be extended to H p X as a continuous functional. Since
the proof of the continuity of Φ would be complete if we could prove that
for every f = λ j a j ∈ Θ N (X) with atomic representation f = λ j a j . The identity (4.14) holds if µ has a smooth density, as the following lemma shows. 
Hence, (4.18) whereρ is the continuous seminorm ρ ⊗ · in the projective tensor product (R n )⊗ π X * . It follows that the family {T a : a is an atom in X} is equicontinuous in [12, Chapter 51]). We conclude that the series λ j T a j converges in the strong topology of the dual space (R n ,X * ) to a continuous functional. Since (4.15) holds for ψ in the dense subset (R n )⊗X * of (R n ,X * ), the proof of the lemma is now complete. Now we are in position to prove the continuous inclusion 
and thus, we conclude that
We know that µ t converges to µ in Ᏸ (R n ,X) as t → 0. Then the proof of the proposition will be complete once we prove that D β µ t converges uniformly on compact sets of R n for |β| ≤ [α] . To this end, recall that if k is a nonnegative integer and β is a multi-index such that k +|β| > α. Then where C does not depend on t and µ.
With this inequality and the fundamental theorem of calculus it is easy to prove that D β x µ t satisfies a uniform Cauchy estimate on compact sets on R n as t tends to zero. The proof is complete. Now, we are ready to prove that 
